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Gaussian Processes

- A GP is a type of stochastic process based on the Gaussian
probability distribution.

- The formal definition of a GP is that the joint probability

,,,,,

1s a multi-variate Gaussian:

p(y) = N (m, K),
o where m is the mean vector and K the covariance
matrix.



Gaussian Processes

- The elements of the mean vector and covariance matrix

are given by the mean function m and the covariance
function k, respectively:

m, = m(X 0)

K k(X X. , Q).

- where x. is the set of mputs (independent variables)
Correspondmg to the i'® sample.

- For time-series data, the inputs usually include, but aren’t
necessarily restricted to, the time t..

- The covariance function is also known as the kernel
function, and it is a fundamental ingredient of a GP model,



Gaussian Processes
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Figure 4
Probabilistic Graphical Model (chain graph) for GP regression (adapted from Figure 2.3 of Rasmussen & Williams
2006) given observations y at inputs t, and a prediction at test input £.. Dots represent fixed variables (inputs),
grey circles represent observed variables white circles represent unknown (latent) variables. The thick thick
horizontal bar indicates a set of fully connected nodes (meaning that every f depends on every t). On the other
hand, each observed output y; depends only on the corresponding f; and o;, and is conditionally independent of
the other variables). In this example, the measurement uncertainties o and the GP hyper-parameters (not shown)

are treated as known (fixed).




Gaussian Processes

+ The parameters 0 and ¢ of the mean and covariance
function are known as hyper-parameters ot the GP.

- Strictly speaking, the parameters of the GP are the
(infinitely many) unknown functions that share the
specified mean vector and covariance matrix and could
have given rise to the observations. However, these
parameters are always marginalised over: we never
explicitly deal with the individual functions.

- GPs are therefore a type of Hierarchical Bayesian Model
(HBM).



Other Non-Gaussian Processes?

- In principle, it is possible to construct and use stochastic
process models based on other distributions, GPs are by
far the most popular, for two main reasons:

®,

The first is Central Limit theorem: it implies that the
assumption of Gaussianity is often at least
approximately correct.

The second is that Gaussian distributions obey simple
mathematical identities for marginalisation and
conditioning, that enable inference with GPs.



A pragmatic approach to GPs

- GP regression (GPR) can be thought of as a generalisation
of least-squares regression, allowing for correlated noise
(or signals) in the data.

- Conversely, least-squares regression, as traditionally
presented, is a special case of GPR, where the covariance
matrix is assumed to be purely diagonal, and the variances
associated with each observation are known a priori.



Least-square Regression

+ Let’s consider N observations of a variable y={y} .
taken at times t={ti}, with associated measurement
uncertainties 6= {Gi} :

- We wish to compare these to a model function m(t,0)

controlled by parameters ()={€)j}j=1 ..... o

- In least-squares regression, we minimize the quantity:

O where miEm(ti,O), with respect to 0.



Least-square Regression

- The y%° minimization come from the following
considerations:

- Let us assume that the observations are given by y.-m(t,

9)+8f

o where ¢ is the measurement error, or noise, on the i
observation.

- Let us also assume that €. is drawn from a Gaussian
distribution with mean O and variance 621:




Least-square Regression

. Then the likelihood for the i*® observation is simply:

- We also assume that the noise is uncorrelated, or white,
meaning that the €’s are drawn independently from each
other from their respective distributions.

- Then, the likelihood for the whole dataset y is merely the
product of the likelihoods for the individual observations




Least-square Regression

- One can readily see that:
InL = constant—0.5y,
o where the constant depends only on the o’s.

- Thus, if the ¢’s are known, maximizing L is equivalent to
minimizing y°.

- In other words, least-squares regression yields the
Maximum Likelihood Estimate (MLE) of the parameters
under the assumption of white, Gaussian noise with
known variance.



Least-square Regression — GPR

- Let us now re-write the likelihood in matrix form:

- where the mean vector m has elements m. m(t 0) and K is
a purely diagonal (N,N) matrix with elements K 6 G (6
being the discrete Kronecker delta function).

- K is the covariance matrix of the model!



Least-square Regression — GPR

- Let us now allow a more tlexible covariance model:

- k is the covariance function, or kernel function, controlled
by parameters ¢. The result is a GP!

- Depending on the choice of kernel function and
parameters, the covariance matrix can now have non-zero
off-diagonal elements, allowing us to explicitly model
correlated noise or stochastic signals in the data.

- The kernel function encodes our beliefs about the
stochastic, or random, element of the model, in just the
same way as the mean function encodes our beliefs about
the deterministic component of the model.



Standard Kernel Functions

- The kernel function can be any positive scalar function
that gives rise to a positive semi-definite covariance
matrix over the input domain.

- Some popular kernel functions are listed below:

Name Representation®
Constant a?
Squared ExponentialP e—(T/2)?/2
Exponential® e—T/A

Matérn-3/2 14 \/g,,./)\) e—V3T/A
Matérn-5/2 14+ V57/X+ 5(7/)\)2/3) e~ V5T /A

Ragtaigol
Rational quadratic (1 o 2;)\2) |

Cosine cos 27T /A

Sine Squared Exponential exp (—I'sin? 77 /X)

Stochastic Harmonic Oscillator? | cos \/ 1— B2 %) | 8__ sin \/ 1 — B2 %)

1—32

*in each case, 7 is defined as 7 = |t; — t;|, and Greek letters indicate hyper-parameters; b«radial basis function”; € “Ornstein—
Uhlenbeck”, “damped random walk” or “Matérn-1/2"; 9Foreman-Mackey et al. (2017).




Kernel Functions

- More kernel functions are often constructed using
products and sums of the standard kernels.

- Besides, addition and multiplication, other operations can
be used to impose structure on the standard kernels.

o For example, Ilinear operations like scalar
multiplication, more general affine transformations,
ditferentiation, or integration can all be used to develop
new kernel functions.

- A general rule is that the error associated to observation ]
is typically larger (or even much larger) than its variance
due to the covariance matrix (e.g. red-noise) contribution.



Making predictions by GPs

- Given some existing observations y, taken at times t, we
can make predictions at some new set of times t,, i.e.,
computing p(y.y), the conditional probability distribution
fory, giveny.

- This is often called predictive distribution, because it is
often used to extrapolate a time-series dataset forwards.

- The predictive distribution is also Gaussian, and its mean
and covariance are given by simple analytic relations:

f,=m,+K, K '(y—m) and C,=K,, —-K; K 'K,,

o where m,= m(t,0), K, = k(tt, o) and K,, = k(t, t.,0).



Exercise

Useful notebook:

1. SamplingwithaGP
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Exercise

Useful notebook:

1. CorrelatedNoise
2. MultipleDelayedTimeSeries

fit with GP noise model




Multivariate GPs

- Since we focus on time domain astronomy, we primarily
consider univariate GPs with just time as the input
coordinate.

- As a matter of fact, most of our discussion applies to
multivariate datasets without any change.

- However, when working with univariate GPs, it is
relatively straightforward and unambiguous to compute
the “distance” between two points t, and t: p(ti,tj)=t=\ti—tj\.

- For multivariate inputs X, more care must be taken to
define a sensible distance metric p(xi,xj).



Multivariate GPs

- A common class of multivariate GP model for time

domain astronomy are datasets with multiple parallel

covariant time series.

o For example, multi-band time series produced by
surveys like PanSTARRS or LSST, or radial velocity time
series with parallel activity indicators.

- One useful way to specify these datasets are to define the
inputs as X, = (ti,li), where t the time of the i-th
observation and L is a“label” for which time series the i-th
observation is drawn from.



Multivariate GPs

® In this case, one common choice of kernel function is:

0 where k (t t @) is a standard one-dimensional kernel,
and the set of lay }D , are also hyper-parameters of the

model.
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Abstract

The last two decades have seen a major expansion in the awv il-
ity. size, and precision of time-domain datasets in astronomy. Ow-
ing to their unique combination of flexibility, mathematical simplicity
and comparative robustness, Gaussian Processes (GPs) have emerged
recently as the solution of choice to model stochastic signals in such
datasets. In this review we provide a brief introduction to the emer-
gence of GPs in astronomy. present the underlying mathematical theory,
and give practical advice considering the key modelling choices involved
in GP regression. We then review applications of GPs to time-domain
datasets in the astroply al literature so far, from exoplanets to active
galactic nuclei, showcasing the power and flexibility of the method. We
provide worked examples using simulated data, with links to the source
code, discuss the problem of computational cost and scalability, and
give a snapshot of the current ecosystem of open source GP software
packages. Driven by further algorithmic and conceptual advance
expect that GPs will continue to be an important tool for robust and
interpretable time domain astronomy for many vears to come. () @




